We investigate the correction of interlayer exciton binding energy in transition metal dichalcogenides double layers arising from the exciton-optical phonon coupling using the method of LeeLow-Pines unitary transformation. We find that the binding energy varies in several tens of meV, depending on the polarizability of materials and interlayer distance between double layers. Moreover, the correction of binding energy results in the remarkable increasing of the critical temperature for the condensation of dilute excitonic gas basing on the Berezinskii-Kosterlitz-Thouless model. These results not only enrich the knowledge for the modulation of interlayer exciton, but also provide potential insights for the Bose-Einstein condensation and superfluid transport of interlayer exciton in two-dimensional heterostructures.
Structure of double layer consisting of different monolayer transition metal dichalcogenides (TMDS), that is called as van der Waals heterostucture [1, 2] , provides an excellent platform to study the interlayer exciton physics [3, 4] , in which an electron and a hole residing in different monolayers, bounded by attractive Coulomb interaction as illustrated in Fig. 1 (a) . Due to the spatial charge separation, the recombination lifetimes of interlayer excitons are in the range of nanoseconds, several orders of magnitude longer than intralayer excitons shown in Fig. 1 (b) [5] [6] [7] . More important is that optical properties of interlayer excitons can be easily modulated by some external ways [4, [6] [7] [8] [9] , such as the gate voltage, temperature and power of optical excitation, which provides an ideal candidate for realization of many excitonic devices [3, 10, 11] , such as excitonic photon storage, excitonic transistor and excitonic light emission dipole. On the other hand, based on excitons are the nature of Bosonic particles, the Bose-Einstein condensation and superfluid transport of the dilute exciton gas in these double layers were proposed extensively in both recent experiments [11, 12] and theories [13] [14] [15] [16] [17] . Of key importance to this species of exciton is its large binding energy, which determines above mentioned potential applications.
Amount of experiments [18] [19] [20] [21] and theories [15] [16] [17] [20] [21] [22] have focused on the binding energies of interlayer excitons in different TMDS double layers in recent years. Wilson et al deduced that the binding energy of interlayer exciton is large than 200 meV in MoSe 2 -WSe 2 heterobilayers by using rational device design and submicrometer angle-resolved photoemission spectroscopy in combination with photoluminescence [18] . But Mouri et al found that the exciton binding energy is only 90 meV in MoS 2 -WSe 2 heterobilayers, determining from its thermal dissociation behavior [19] . The striking discrepancies between them can be attributed to the differences of the * Electronic address: wangziwu@tju.edu.cn interlayer distance and the effective mass of exciton as theories predicted. Recently, Latini et al developed the quantum electrostatic heterostructure model to calculate the binding energy of interlayer exciton in MoS 2 -WSe 2 bilayers, and found that the consistencies between theory and experiment for the binding energy can be obtained if the properly screening effect of electron-hole interaction is included [22] . However, the origin of screening effect as well as other underly determinants of binding energy for interlayer excitons in these TMDS double layers are still ambiguous.
In the present paper, we mainly study the influence of exciton-longitudinal optical (LO) phonon coupling on the interlayer exciton binding energies in TMDS double layers using the Lee-Low-Pines (LLP) unitary transformation. The corrections of binding energies in different double layers, consisting of the same TMDS (homobilayer) and different TMDS (heterobilayer), are discussed with and without the exciton-LO phonon coupling. We present the dependences of the correction of binding energy on the polarizability of TMDS material and the interlayer distance. In the Berezinskii-Kosterlitz-Thouless (BKT) model, we quantitatively analysis the variation of the critical temperature for the condensation of dilute exciton gas due to the correction of binding energy.
We consider the structure of double layer is composed of two parallel TMDS monolayers with the interlayer distance D, in which interlayer exciton is formed that an electron and a hole resides in opposite layers, bounding by the Coulomb interaction schemed in Fig. 1 . The total Hamiltonian of interlayer exciton including the intrinsic LO phonons and exciton-LO phonon coupling can be written as
The term H h . In general, the relative distance r of electron-hole pair is much smaller than the internal distance D, thus the harmonic oscillation approximation
is adopted extensively [15] [16] [17] , where
as well as ε d is the dielectric constant determined by the dielectric environment and κ = 9×10 9 N m 2 /C 2 . In this approximation, the eigenfunctions and eigenenergies for the relative motion of interlayer exciton can be solved exactly (see the supplementary material). The obtained binding energy of the ground exciton state is
The third term H ph describes the intrinsic LO phonon
LO is the energy of LO phonon, j = j ′ and j = j ′ correspond to the homobilayer and heterobilayer, respectively; a k (a † k ) is annihilation (creation) a phonon with wave vector k. The last term H e−ph denotes the exciton-LO phonon coupling in the Fröhlich mechanism with the coupling element [23] [24] [25] 
in which η 0 is the polarization parameter and determined by the polarization properties of the monolayer TMDS, L m is the monolayer thickness, erf c is the complementary error function and σ denotes the effective width of the electronic Bloch states is based on the constrained interaction of LO phonon with charge carriers in monolayer materials, A is the quantization area in the monolayer plane, ε 0 is the permittivity of vacuum. The parameter β 1 = m e /M and β 2 = m h /M are the fraction of electron and hole, respectively. Carrying out the LLP unitary transformation [26, 27] for the total Hamiltonian in Eq. (1)
where
is the variational function. After the complicate calculation, the transformed Hamiltonian can be rewritten as (see the supplementary material)
with ξ k (r) = e −i(β1+β2)k·r + e i(β1+β2)k·r , in which one phonon term and the interactions between different phonons for CMM and RM are neglected in Eq. (6) due to the tiny correction to the binding energy. In addition, we only discuss the case Q = 0 in the following, since we are not interested in the CMM.
To obtain the binding energy of excitonic ground state, we choose |Φ = |φ 1s |0 ph as the ground state wavefunction of system. |φ 1s = 1/( √ 2πa) exp (−r 2 /4a 2 ) is the exciton ground state function, in which a = [ /(2 √ 2µγ)] 1/2 is the radius of exciton; |0 ph is the zero phonon state and satisfies the relation of a k |0 = 0. The corrected exciton binding energy can be obtained via E b = Φ| H (0) |Φ . After the mathematical calculations, one can get
in which ℜ(k) = exp (−a 2 k 2 /2). Converting the summation of wave vector (k) into the integral for Eq. (7), The correction of the exciton binding energy due to the exciton-LO phonons coupling can be analyzed. In the processes of numerical calculations, these average values of σ=0.55 nm and L m =0.45 nm are adopted for different TMDS materials [24, 25] . The adopted parameters for the LO phonon energies and electron (hole) effective masses are listed in table I. Two distinct types of excitons in TMDS layers, labeled A and B, are formed arising from strong spin-orbit splitting in the valence band. We only illustrate the A type of interlayer exciton in this paper because the similar effect for two types of excitons are assumed. According to the distributions of electron and hole in different TMDS monolayer, different interlayer excitons in sixteen types of TMDS double layers, including four homobilayers and twelve heterobilayers, are formed. Comparisons of binding energies for these interlayer excitons are shown in Fig. 2 (a) without the exciton-LO phonon coupling at D=7 nm. As can be seen that binding energies are in range of 160 ∼ 173 meV for these interlayer excitons, which are consistent with the recent prediction [30] . The higher binding energies are in MoS 2 -WS 2 , MoSe 2 -WS 2 and WS 2 -WS 2 double layers, and the lower ones are in WSe 2 -MoS 2 and WSe 2 -MoSe 2 double layers. The differences of binding energies between these interlayer excitons can be attributed to the divergencies of effective masses of electron and hole in different TMDS materials. Influences of the exciton-LO phonons coupling on the binding energy are shown in Fig. 2 (b) at η = 0.05. One can see that binding energies decrease in several tens of meV compared to these results presented in Fig. 2 (a) . This indicates that the screening effect of Coulomb potential is enhanced by the exciton-LO phonon coupling. In this paper, we have adopted the harmonic approximation for the Coulomb potential describing the electron-hole attraction based on the larger interlayer distances are settled. In fact that anther potential in Keldysh's model has been used extensively [15] [16] [17] , especially for these double layers with smaller interlayer distance. However, two potentials become closer to each other with increasing the interlayer distance, demonstrating almost no difference as D >3 nm. Fig. 3 (a) presents exciton binding energies as a function of the interlayer distance with and without the exciton-LO phonon coupling in three types of double layers, respectively. One notes that these binding energies decrease in several hundreds of meV as D varies from 3 nm to 10 nm. Therefore, the interlayer distance plays a predominate role to modulate exciton binding energy. Moreover, the corrections of binding energies
decrease obviously with increasing D shown in the inset of Fig. 3 (a) , which means that the strength of exciton-LO phonon coupling can be tuned by the interlayer distance [3, 4] . Fig. 3 (b) presents the corrections of binding energies as a function of the polarization parameter η for three different double layers. One find that binding energies reduce markedly with increasing η. This because of this parameter reflects the strength of exciton-LO phonon coupling directly in Eq. (3). In general, different fixed values were adopted for the coupling strength to fit the experimental measurements [31, 32] . Meanwhile, several recent firstprinciple calculations have also found that the strength of electron (hole)-LO phonon coupling in Fröhlich mechanism varies in a large scale for different monolayer TMDS materials, depending on the dispersion of LO phonon modes [33] . That is the reason we set η as a variational parameter to discuss the correction of binding energy. The Bose-Einstein condensation and superfluidity of the dilute interlayer excitons gas in these TMDS double layers have aroused intense interesting due to the unusual strong binding energy. According to the BKT model, the critical temperature of interlayer exciton condensation at low densities is given by [12, 13] 
where n is the exciton density; k B is the Bolzman constant and a * B is the effective exciton Bohr radius, which is related to the exciton binding energy via a * B = e 2 /(2ε 0 E b ). Then, the correction of the critical temperature in Eq. (8) arising from the exciton-phonon coupling can be given by
According to Eqs. (2), (7) and (9), the correction of T KBT as functions of the polarization parameter and interlayer distance for WSe 2 -MoSe 2 double layer are shown in Fig. (4) at low exciton density n = 10 10 cm −2 . It can be seen that: (i) ∆T KBT increases obviously with increasing D, which because of the larger D leads to the increase of the exciton effective radius, and consequently the critical value of na * 2 B for the dilute exciton condensation; (ii) ∆T KBT increases with increasing η, which attributes to the increasing of exciton-LO phonon coupling enhances the screening effect, implying the exciton Bohr radius is enlarged. In addition, interlayer excitons in these TMDS double layers embedding with insulator, for example hexagonal boron nitride (hBN), have been investigated extensively [3, 6, 8, [15] [16] [17] . In these structures, beside the influence of LO phonon, the excitons coupling with the interface optical phonons induced by the embedding insulator have potential influence on the properties of excitonic states, and need to be explored further.
In summary, we theoretically investigate the influence of exciton-LO phonon coupling on the binding energies of interlayer excitons in different TMDS double layers. We find that exciton binding energies decrease in some tens of meV due to this kind of many-body interaction. The corrections of binding energies result in the obviously increasing of the critical temperature of the dilute exciton gas condensation. These results not only are very important for the correction of exciton binding energies in TMDS double layers, but also will trigger new experimental studies on van der Waals heterostructures. This work was supported by National Natural Science Foundation of China (NO 11674241)
